A general control design approach for the stabilization of controllable driftless nonlinear systems on Lie groups is presented. The approach is based on the concept of transverse functions, the existence of which is equivalent t o the system's controllability. Its outcome is the pmctical stabilization of any trajectory -i.e. not necessarily a solution of the control system-in the state space. The approach can be used for an arbitrary controllable driftless system, via homogeneous approximation and lifting of the control vector fields.
1 Introduction denote a control system on a Lie group 6, with XI,. . . , X, left-invariant smooth vector fields (v.f.) which satisfy the Lie Algebra Rank Condition (LARC).
The drift term P(g, t ) is assumed to belong to G , -the tangent space of G at g-, and to depend continuously on t . The problem addressed in this paper is the pmctical stabilization of the identity e l e ment e E G via the asymptotic stabilization of a compact set contained in an arbitrary small neighborhood of e. Obviously, the main case of interest is when span{Xl(e), . . . , X,,,(e)} # G, -when rn < dim(G), for instance.
Let us first explain why the Lie group framework is c h e sen here. A common motivation is that various physical systems are naturally modeled as systems on Lie groups. Rigid bodies in space and cart-like vehicles are well known examples. A second motivation is the possibility of locally approximating any smooth controllable driftless system by a controllable system on a Lie group. More precisely, any smooth controllable driftless systems on some manifold M -not necessarily a Lie g r o u r , m x = C U , X , ( Z ) (2)
,=I 0-7803-7516-5/02/$17.00 02002 IEEEcan be locally approximated, via the concept of homogeneous approximation, by a nilpotent system of the same dimension [7, 151 . This nilpotent system can in turn be embedded, via the lifting of the v.f. [14, 51, into a system on a Lie group -i.e. a system of type (1) with zero drift term P. Note that this property is strongly related to the important role played in formal Liealgebraic techniques by Lie groups and leftinvariant control systems on Lie groups [16, 81. T h e r e fore, the techniques developed in the present paper are not restricted to systems on Lie groups. They apply also to general systems like (2). Finally, the Lie group framework is particularly well adapted t o the present approach, as it clarifies greatly the results in [13].
Let us now focus on control issues. It is well known, since Brockett's result [Z] , that in general no smooth or even continuous pure state feedback can make an equilibrium of system (1) asymptotically stable. Other types of feedback must be used. Despite important efforts in the design of such feedbacks, some important issues have not received a satisfactory solution. One of them concerns the compromise between speed of convergence and robustness against modeling errors. For a few driftless systems, this type of robustness can be obtained with Lipschitz continuous timevarying feedback laws but this implies slow -not exponential-convergence t o the origin for most of the system's trajectories. O n the other hand, to our knowledge, no robust e x p e nential stabilizer has been proposed until now. In fact, such a feedback may not exist for systems which do not satisfy Brockett's condition. A result in this direction has been proved in [lo] . Efforts to circumvent the difficulty, by considering hybrid continuous/discrete time feedback laws [l, 111, have only brought partial results, i.e. these feedbacks can be robust to unmodelled dynamics, but they are not robust against discretization uncertainties. Another issue is related t o the trajectory stabilization problem. This problem is usually easier than point stabilization -in particular, the linearized approximation of the error system may be controllable. One could have hoped for the existence of a feedback law which would have uniformly guaranteed asymptotic stability independently of the considered trajectoryjust its for linear controllable systems-, but negative results concerning this existence issue have been proven (91. This has clear consequences in mobile robotics, when the control objective is the tracking of a reference vehicle whose trajectory is not known in advance. Indeed, which feedback law should be applied? When should switching from one control law to another occur? Can such a switching strategy ensure stability?
These difficulties suggest that for nonlinear driftless systems, asymptotic stabilization will rarely be achieved in practice and that pmctzcal stabilization could be a more realistic objective. The present paper goes into this direction by proposing a general approach for the practical stabilization of system (1). Also, by allowing a perturbation in the form of the drift term P , and thanks to the Lie group structure, the approach extends directly to the trajectory (practical) stabilization problem. In particular, and in contrast with most of the published works on this subject, the reference trajectory is not required to be a solution of the unperturbed control system -i.e. a solution of (1) Rith
The approach here proposed to achieve practical stabilization is based on the existence of bounded periodic functions which are transverse to a set of v.f. [13] . The size of the ultimate tracking error is directly related to the size of periodic transverse functions whose associated frequencies define new inputs. An interesting feature of this approach is that the control frequencies can --depending essentially on the reference trajectorytend to zero so that oscillations are not systematic. Note that this idea can be traced hack, in the context of mobile robots, to [4], a work itself adapted from control techniques used for induction motors 131.
The paper is organized as follows. In Section 2, the main technical result is stated. It can be viewed as a generalization -and a simplification-of the transverse function theorem reported in [13] . In Section 3, the practical stabilization problem is addressed. In section 4, we show how the approach applies to systems with homogeneous v.f. Finally, examples are given in Section 5. Due to space limitations, only sketches of proofs are provided. Details can he found in [12] . As usual, if X E g and p E G, exptX is the solution at time t of g = X ( g ) with initial condition g(0) = e . The adjoint representation of G is Ad, i.e. for U t G, Ad(o) = dZ,(e) with Z , : G -G defined by Z,,(g) = ugu-'. By extension we define
The definition of a gmded basis of 0 will be used also:
v.5 such that Lie(X1,. . . ,Xm) = g, with dim(g) = n. 
2. F o r k 2 2 and dimuk-' < i 5 dimuk, X; = [X,(q, X,(i)] with Xq;) E U=, X,(i) E U*, and a+b = k.
With any graded basis of g, one can associate a weight vector (q , . . . , rn) defined by
Note that, 1 = rl 5 r2 5 ... 5 T, = K and, from Definition 1, Vi > m, r; = rqq + The main result, on which the design of a practical stabilizer will rely, is the following. . . ,E, is further specified in Lemma 3 below. 
In view of (S), (10) is equivalent to (3).
0
3 Application to practical stabilization
Point stabilization
Consider system (1) and assume -without loss of generality-that XI,. . . , X, are independent. We show in the following proposition how the concept of transverse functions can be used to design control laws for system (1) which make g = e practically stable. Let us remark that no assumption is made on P . For instance, when the projection of P(e, t) onto (span{Xl(e), . . . ,Xm(e)})l does not tend to zero as t tends to infinity, no control law can make 9 = e an equilibrium of the system, and asymptotic stabilization 
. . , E~[ ' J )
i f j < i and r j = r, 
Proof:
The proof of (11) is easily obtained by differentiating the equality f g -' g = f and using the fact By applying the feedback law (12) to (l) , one deduces (13). Since, by assumption, e in an asymptotically stable equilibrium point of the v.f. 2, it follows that along any trajectory of the controlled system, f
(O(t))g-'(t)
tends to e as t tends to infinity, and thus that the d i s tance of g ( t ) to the set f (a"-"') tends to zero. Asymptotic stability of this set follows in turn from the fact I that f (0) takes values in a compact set.
Trajectory stabilization
We show how Proposition (1) 
One deduces the following e m r system associated with the trajectory stabilization problem
with " p ( @ , t ) a ~ Eu,t(t)Ad(G-')Xi(B)
Proposition 1 applies directly to system (14) and provides practical stabilizers of the trajectory Si(.).
The'case of homogeneous systems
In this section, we show how the results of the previous sections apply to driftless controllable systems with homogeneous v.f. The cornerstone is the so-called lifting theorem [14] which points out that any homogeneous system is the projection of a system on a Lie group. Let us recall that any controllable smooth driftless control system on R" can be approximated by a controllable system with homogeneous v.f. [15, 71. While this a p proximation is local in general, snme physical systems admit an homogeneous representation in a large domain -e.g. chained systems, used as kinematic models of several non-holonomic wheeled robots.
4.1
Lifting of an homogeneous system to a system o n a Lie group Let us recall a few basic definitions and properties about homogeneity (see, e.g., [7] for more details).
Given X > 0 and a weight vector r = ( r l , ..., r") -r, respectively, for some P E R", and satisfy the ZARC at the origin. ally stabilizes the origin of t h e linear system (17) induces a feedback law for the system (15) which globally stabilizes the set f(T"-"'). 
R"; endowed with the composition law
( I > y ) Y Z * $ = p(Z,
Chained systems
T h e (perturbed) singlechain system of dimension n with two control inputs is defined by 
Let us now proceed with the computation of transverse functions for this system. The n v.f. defined by (19) form a graded basis of Lie(X1, X,) in the sense of Definition 1, and the associated weight-vector is given by
From (18) 
+A(" -f ( @ ) ) p i ( x , t )
-p ( x , t ) ) (24) with makes the set f (T"-"') exponentially stable 
